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Abstract—The Combinatorial Multigrid (CMG) technique is a
practical and adaptable solver and combinatorial preconditioner
for solving certain classes of large, sparse systems of linear equations. CMG is similar to Algebraic Multigrid (AMG) but replaces
large groupings of fine-level variables with a single coarse-level
one, resulting in simple and fast interpolation schemes. These
schemes further provide control over the refinement strategies at
different levels of the solver hierarchy depending on the condition
number of the system being solved [1]. While many pre-existing
solvers may be able to solve large, sparse systems with relatively
low complexity, inversion may require O(n2 ) space; whereas, if
we know that a linear operator has ñ = O(n) nonzero elements,
we desire to use O(n) space in order to reduce communication
as much as possible.
Being able to invert sparse linear systems of equations, asymptotically as fast as the values can be read from memory, has been
identified by the Defense Advanced Research Projects Agency
(DARPA) and the Department of Energy (DOE) as increasingly
necessary for scalable solvers and energy-efficient algorithms [2],
[3] in scientific computing. Further, as industry and government
agencies move towards exascale, fast solvers and communicationavoidance will be more necessary [4], [5]. In this paper, we present
an optimized implementation of the Combinatorial Multigrid in
C using Petsc and analyze the solution of various systems using
the CMG approach as a preconditioner on much larger problems
than have been presented thus far. We compare the number of
iterations, setup times and solution times against other popular
preconditioners for such systems, including Incomplete Cholesky
and a Multigrid approach in Petsc against common problems,
further exhibiting superior performance by the CMG. 1 2
Index Terms—combinatorial algorithms, spectral support
solver, linear systems, fast solvers, preconditioners, multigrid,
graph laplacian, benchmarking, iterative solvers

I. I NTRODUCTION
Due to their power and flexibility, Krylov subspace solvers
are typically employed for the solution to systems of linear
equations. In general, Krylov-based iterative solvers project
an n-sized system into a Krylov subspace of lower dimension. There are several iterative methods of note, including
Conjugate Gradient (CG) and Generalized Minimal Residuals
1 The research in this document was performed in connection with contract/instrument DARPA HR0011-12-C- 0123 with the U.S. Air Force Research Laboratory and DARPA. The views expressed are those of the author
and do not reflect the official policy or position of the Department of Defense
or the U.S. Government. Distribution Statement “A” (Approved for Public
Release, Distribution Unlimited). The information in this report is proprietary
information of Reservoir Labs, Inc.
2 Further support from the Department of Energy under DOE STTR Phase
I/II Projects DE-FOA-00000760/DE-FOA-000101.

(GMRES), details of which are available in [6]–[8] as well as a
more contemporary look at their future in [9]. The solution of
a generic system Ax = b commonly involves iterative solvers;
in the case of positive definite and symmetric systems CG is
among the most popular. Described in Algorithm 1, it is clear
that the only operations involved in the CG solver are vectorvector additions and matrix-vector multiplications.
Algorithm 1 CG algorithm for solving Ax = b with a positive definite
matrix A.
1: if k := 0 then
2:
x0 := 0
3:
r0 := b − Ax0 , p0 := r0
4: end if
5: while ||rk || >  do
(r ,r )
6:
αk := (p k,Apk )
k
k
7:
xk+1 := xk + αk pk , rk+1 := rk − αk Apk
(rk+1 ,rk+1 )
8:
βk :=
(rk ,rk )
9:
pk+1 := rk+1 + βk pk
10:
k := k + 1
11: end while

For many problems in the physical sciences, the system
Ax = b is often solved using the normal equation transformation by forming AT Ax = AT b in order to be able to
utilize a variant of the CG algorithm: (CGNE/CGNR) [10] or
BiCGstab [11].
As discussed in [12] many complex solvers rely on accelerating the matrix-vector multiplication phase of iterative
solver algorithms such as CG method [13] through efficient
preconditioners. In particular, for a system of linear equations
A with condition number κ(A), the CG method’s rate of
convergence (the number of iterations in the solver for a
desired precision prec ) can be slow when κ(A) is large [14].
The Preconditioned Conjugate Gradient (PCG) method instead
seeks to construct a system, M , which approximates A in some
desired ways and whose inverse is relatively easy to compute
in order to solve:
M −1 Ax = M −1 b.
In developing or constructing M , the goals are to balance the
difficulty in inverting the resulting system with an increased
rate of convergence. As discussed in [8], preconditioning is
a common, often required step in efficiently solving complex
systems of linear equations, and these preconditioners are often
constructed from the original system; e.g., the diagonal of the
original matrix, the upper triangular portion of the matrix,

or a sparse factorization such as incomplete Cholesky (see
section III for more details) when the system has few nonzeros.
The Multigrid Method is a technique which uses the classic
iterative methods and a divide and conquer approach through a
hierarchy of fine and coarse grids to approximate solutions, removing high-frequency error [15], [16]. Multigrid approaches
can aid in strong scaling issues in some physical systems:
often, as the problem size grows, the condition number of the
system increases, resulting in a larger computational expense
for traditional iterative approaches [17]. Algebraic Multigrid
(AMG) approaches build the hierarchical operators directly
from the linear system (as opposed to the regular Multigrid,
often referred to as Geometric Multigrid) [18]–[20].
Built upon an introduction of combinatorial preconditioners [21]–[23], Spielman and Teng in [24] began developing
a series of theoretical works on solving certain classes of
sparse systems [24]–[27]. Using spectral support solvers,
inverse problems on sparse systems (especially graphs) can
be solved in significantly lower asymptotic time than with
traditional solvers. For the restricted planar graph case, which
includes computer vision and image processing, an untuned
implementation in MATLAB of the related CMG algorithm
significantly outperformed previous algorithms [1]. Parallel
versions of such algorithms have appeared [28].
Spielman and Teng used the connection between a weighted
graph G and a symmetric diagonally
dominant matrix, A, for
P
which A = AT and Aii ≥ j6=i |Aij | for all i. That is, let
G = (V, E, ω) where V is a set of vertices, E a set of edges,
and ω a set of weights associated with V and E. If W is
a weighted adjacency matrix and D is a diagonal matrix of
weighted degrees, then LG = D − W is known as the graph
Laplacian. This relationship can also be expressed in quadratic
form,
xT LG x =

X

ωij (xi − xj )2 .

(1)

(i,j)∈E

This definition of the Laplacian highlights the connection
between graphs and positive definite systems. With graphbased systems, the support theory approaches show that by
looking at the quadratic form in equation (1) with Laplacian
LG , one can sparsify these systems and use approximate
Laplacians. For example, thinking of this quadratic form as
the energy dissipation of a graph (or network) [29] LG can
be approximated by a sparsified system LH when
∀x ∈ Rn ,

xT LH x ≈ xT LG x.

So, as in [29], we can think of these two systems as being similar when their “energy profiles” are similar. Hence, the overall
idea is that we can use a simplified system to approximate a
more complex, dense one.
The CMG has only been displayed on small problems in
MATLAB up until this point; we have re-implemented the
solvers in the context of Petsc and performed a study using
it as a preconditioner on a number of systems. We begin with a

discussion of background and motivation in section II followed
by numerical results and comparisons in section III.
II. BACKGROUND AND S UPPORT T HEORY M OTIVATION
FOR C OMBINATORIAL M UTLTIGRID
Combinatorial Multigrid (CMG) falls into the class of
solvers for symmetric diagonally dominant (SDD) systems
based on support-graph theory [30] and can be used as a
combinatorial preconditioner in the context of the Conjugate
Gradient (CG) iterative solver. Combinatorial preconditioners
take a different approach than typical algebraic preconditioners. As often-cited from [21] and detailed further in [23], [31],
combinatorial preconditioners are based on the idea that for a
graph A, its Laplacian can be preconditioned by a sparsified or
simplified graph Laplacian B which has been derived from A.
Further background for support graph theory comes from the
connections between electrical networks and graph Laplacians
[32] with further details in [30], [33]. Many of these works
are based on constructing a graph Laplacian that produces
a low-stretch spanning tree, a variant of a maximal spanning
tree [24]. As an example, consider Figure 1 from [29] in which
two edges have been removed.
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e

Fig. 1. On the left we see an original graph G = (V, E) (assume unit weight
edges); on the right H = (V, E − {a1, a2}), a maximal spanning tree where
the removed edges are supported by the edge e.

[29] relies on Steiner preconditioners [34], [35], based on
Steiner trees, which partition
a graph G = (V, E) into clusters
P
of vertices Vi where
|V
| = |V | = n. Each cluster is
i
i
rooted by a new vertex ri , forming star graphs Si . The root
vertices are connected directly to form a quotient graph Q. As
an example, see figure 2 from [29].
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Fig. 2. On the left is an original graph G = (V, E) with its Steiner tree
H = (Ṽ , Ẽ) on the right. Note that Ṽ = V ∪ {r1 , r2 }.

Following the discussion in [1], for a Steiner preconditioner
S, let D0 be the sum of the degrees of the leaves. For an n×m
matrix R, let Rij = 1 if vi ∈ Sj (0 otherwise). The Laplacian
of S with n + m vertices has the form:


D0
−D0 R
S=
−RT D0 Q + RT D0 R

In order to mitigate the issue of the additional vertices in
S, [34] solve S[z; z 0 ]T = [y; 0]T in lieu of By = z at each
iteration of the PCG solver where z 0 are variables that are
dropped after solving. They also show this is equivalent to
preconditioning with
B = D0 − V (Q + DQ )−1 V T ,

V = D0 R,

DQ = RT D0 R.
(2)
The algebraic form of B is further denoted as the Schur
complement of S with ri removed, and B is a Laplacian. [1]
goes into further discussion of the analysis of support σ(A/S),
showing that it is bounded by a constant independent of n
and that the conductance of the graphs induced by the vertex
clusters is also bounded; this is a key result of [35].
Knowing that the support of the Steiner preconditioner is
bounded, while a powerful result, does not provide a good way
to choose how to build clusters, but it helps avoid bad clusters.
Following the Multigrid method approach of [36], [35] shows
how to build coarse grids in the same way that the quotient
matrix is built, and further provides a direct way of building
the restriction matrix. These results facilitate the graph decomposition algorithm discussed below.
A. Transformations from non-Laplacian SDD systems to
Laplacian
Before discussing how the CMG algorithm decomposes a
graph, we first note that most spectral support solvers require
that the systems being solved are strict Laplacians. That is
for the Laplacian A of G = (V,P
E, ω) where ωij > 0,
Aij = Aji = ωij and Aii = − j6=i Aij ; that is, A is
strictly symmetric diagonally dominant (SDD). When A has
positive off-diagonal entries [37] shows the often-proposed
reduction known as double-cover; that is, let A = Ap +An +D
where D = diag(A) and Ap is the matrix of positive offdiagonal entries (An is negative off-diagonal elements, or
An = A − Ap ). Then solving Ax = b is equivalent to solving


An + D
−Ap

−Ap
An + D



x
−x




=

b
−b


.

[1] uses this transformation for the CMG, though harnessing symmetries allows for solving systems smaller than this
one, which is double the size of the original. Additionally, [1]
discusses how to use the CMG for systems of the type
A = B + De where B is Laplacian andPDe is a positive
diagonal matrix (such that (B + De )ii 6= i6=j (B + De )ij ).
Similar to the above transformation, solving Ax = b is
equivalent to solving


B + De

0
−dTe

0
B + De
−dTe


 

−de
x
b
−de   −x  =  −b  ,
P
0
0
de

where de is the vector representation of De . Discussions
on these and further transformations of SDD systems to
Laplacians required for the CMG are discussed in [1].

B. From Theory to Combinatorial Multigrid Algorithm
As discussed in Section II, using the background work
for [35] requires the construction of a good Steiner preconditioner. In [1], the authors introduce a graph decomposition
called Decompose-Graph by letting volG (v) be the weight
incident to a vertex v in graph G, defining the weighted degree
of v as
vol(v)
,
wtd (v) =
maxu∈N (v) ω(u, v)
and the average weighted degree of G as
P
wtd (v)
\
.
wd (G) = v∈V
n
We now reproduce the Decompose-Graph algorithm
from [1] below:
Algorithm 2 Decompose-Graph: Input A = (V, E, ω), Output Clusters
Vi s.t. V = ∪i Vi
\
1. Let κ > 4 and W ⊆ V such that wtd (v) > κ · w
d (A).
2. Build F ⊆ G, keeping the heaviest incident edges ∀v ∈ V (F is a forest of
trees).
volG (w)
3. ∀w ∈ W s.t. volT (w) < \
, remove the edge contributed in Step 2. from
wd (A)

F.
4. Decompose each T ∈ F into vertex-disjoint trees, optimizing for max conductance.

[1] proves that Decompose-Graph’s resulting partition on
V satisfies the conditions on its conductance by κ and the
average weighted degree. Step 3 involves multiple passes over
A, but the authors suggest this can be performed in multiple
ways.
The connections and intuition for connecting Steiner
trees/preconditioners to Multigrid solvers are discussed in [38].
For a two-level Multigrid solver, the residual error r =
b − Ax (when smooth) is used to compute the correction
c = RT Q−1 Rr for the smaller quotient graph Q and restriction matrix R, and the resulting c is added to x for the
next iteration. For residual r, low-rank operator RT Q−1 R
approximates A−1 well. In [38] the author notes that the
algebraic analogue for this is that the correction is equivalent
to applying (I − RT Q−1 RA) to error vector e. Conditions on
Q and R are discussed further in [1].
Now, from [1], define κ(A, B) to be the condition number of preconditioner B applied to A such that for x ∈
/
nullspace(A),
xT Ax
xT Bx
· max T
.
(3)
T
x x Bx
x x Ax
For the CMG algorithm, the key idea is that κ(A, B) =
κ(Ã, B̃) for B as defined in equation (2) and Ã =
1
1
1
1
D− 2 AD− 2 , B̃ = D− 2 BD− 2 . This leads to the TwoLevel Combinatorial Multigrid Algorithm for performing
relaxation below, reproduced from [1]:
The two-level algorithm is extended by [1] with recursive
calls to the CMG algorithm, producing a hierarchy of graphs
Ai , i = 0, ..., d. The full CMG algorithm is seen below:
Letting nz(A) be the set of non-zeros of A, set ti as:
κ(A, B) = max

ti = max{d

|nz(Ai )|
− 1e, 1}.
|nz(Ai+1 )|

Algorithm 3 Two-Level Combinatorial Multigrid: Input Laplacian A =
(V, E, ω), right-hand side b, intermediate solution xj ,restriction operator R;
Output updated solution xj+1
D = diag(A)
1
1
2
Â = D − 2 AD −
1
1
z = (I − Â)D 2 xj + D − 2 b
1

r = D − 2 b − Az
1
w = RD 2 r
Q = RART
Solve Qy = w
1
z = z + D 2 RT y
1
−1
xj+1 = D 2 ((I − Âz + D − 2 b)

Algorithm 4 CMG: Input Ai , bi ; Output x
D = diag(A)
x = D −1 b
ri = bi − Ai (D −1 b)
bi+1 = Rri
z = CM G(Ai+1 , bi+1 )
for i = 1 : ti − 1 do
ri+1 = bi+1 − Ai+1 z
z = z + CM G(Ai+1 , ri+1 )
end for
x+ = RT z
x = ri − D −1 (Ai x − bi+1 )

In practice, we have found that increasing the initial choice
for t0 from 1 (for the first grid in the hierarchy) to 2 can have
a dramatic effect on decreasing the number of iterations while
having no discernible effect on the running time.
III. C OMBINATORIAL M ULTIGRID N UMERICAL R ESULTS
We begin with a discussion of the Incomplete Cholesky
preconditioner versus CMG in MATLAB and then present
results for CMG versus ICC and traditional Multigrid solvers
in our Petsc implementation.
A. CMG versus Incomplete Cholesky (ICC)
For symmetric positive definite matrices, the Cholesky factorization is a popular dense solver as it reduces the number of
operations by half of a Gaussian elimination factorization in a
straightforward fashion [39]. It also turns out that Incomplete
Cholesky (ICC) factorizations are popular for sparse versions
of these matrices [8]. The basic idea is to use no fill or zero
fill in constructing the preconditioner K̂ when corresponding
locations in A = KK T are zero during Cholesky factorization.
That is, let Kij = 0 when Aij = 0 during the Cholesky
factorization. For sparse matrices A, this guarantees that K is
as sparse as A’s lower-triangular half. In Figure 3, we show
the resulting sparsity patterns for a sample matrix A and its
Cholesky and ICC Factorizations.
Even in the case of ICC, the resulting factorization may
be too dense (or too sparse), or not “good enough.” One
modification is called the Modified Incomplete Cholesky (MIC)
Factorization, whose sparsity structure off-diagonal remains
the same, but the diagonal is changed to enforce the relationship A1T = (KK T )1T [8].
Finally, we discuss another approach: Incomplete Cholesky
with Thresholding (ICT), in which all off-diagonal elements
below some tol > 0 are dropped [8]. Several complications
arise with the ICT approach. First, the resulting Cholesky

factorization may be quite dense if tol is too low or too
sparse if too large. Secondly, choosing tol on the fly may
be tricky and often involves experimentation, slowing overall
solver time.
In order to see the potential power of the CMG approach,
consider the following test where we construct a simple matrix
A using a five-point discrete Laplacian stencil on top of
a regular two-dimensional grid. The result is a very sparse
system as the number of points grows large. We then solve
Ax = 1T for x using a PCG solver with a residual tolerance
set to res = 10−8 and several preconditioners as we increase
the size of the grid used to construct A, thereby increasing the
number of non-zeros and the resulting κ(A) condition number.
We stop the solver at 1,000 iterations if needed and only plot
up to 250 for scale; results are showing in figure 4.
For the ICT approach, we use a fixed drop tolerance of
10−3 . All of these tests were run in MATLAB using the offthe-shelf CMG implementation from [40].
As can be seen, the CMG approach performs quite well for
a simple system as compared to the popular ICC preconditioner and its variants. In the next section, we use our CMG
implementation to profile the various stages of the CMG, ICC
and Multigrid approaches against more complex systems.
B. CMG in Petsc Results versus ICC and Mulrigrid
As indicated, we have translated the CMG algorithm from
MATLAB [40] to C and Petsc [41] in order to utilize
existing PCG implementations as well as test against standard
preconditioners. For the initial recursion call to the CMG
preconditioning algorithm, we invoke two recursive calls rather
than one as was done in the original algorithm; we have found
that the overall runtime is equivalent while the number of CG
iterations is lower. Further, at the last/coarsest level of the
solver, a single direct solver is called, and we utilize a fast
Cholesky solver when the size of the coarsest grid falls below
n = 1000. These two options can be changed at the command
line, but we keep them constant here for these tests.
We begin by looking at a synthetic sample problem generated from the code in Figure 5; this code is a good sample
test because, while it is very sparse, the last row and column
are relatively dense. The systems are generated in MATLAB
and converted to a Petsc-friendly format. For the right-hand
side, we use a standard input of b = [1, 0]T .
We will focus on comparing CMG to the ICC preconditioner
and Petsc’s off-the-shelf Multigrid solver/preconditioner. We
compute the solution up to a request level of relative precision,
10−12 or a maximum of 104 iterations. When the number
of iterations is greater than the maximum, we indicate the
residual achieved; note that in these cases, the flop and walltime counts are not necessarily accurate. The results for this
test are presented below in Table I.
As can be seen in these results in Table I, the CMG
significantly outperforms the other preconditioners in the total
number of iterations and total wall time. We have also computed the number of flops per iteration of the solve step as well
as the amount of time per iteration. As would be expected, the

Fig. 3. Left: A matrix A which is positive definite, symmetric, and relatively sparse; middle: A’s Cholesky factorization L; right: A’s ICC Factorization. In
each of these figures, the number of non-zeros is indicated by nz with a total matrix size of 104 × 104 . This matrix A was constructed from the CSparse
sample non-positive definite matrix Chen/pkustk01, C, and by composing A = CC T and then increasing the size of the weight of the diagonal.

Styp
ICC
MG
CMG

Nits
1198
412
29

ICC
MG
CMG

3923
1404
30

ICC
MG
CMG

10000
4608
32

ICC
MG
CMG

10000
10000
33

ICC
MG
CMG

> 6000
> 5000
35

n = 25600, m = 127360, κ(A) = 1.5e4
f lpsset
f lpsslv
f lpsslv /it
Tset
3.6e4
2.6e9
2.2e6
3.0e − 2
3.3e5
1.2e9
2.9e6
2.2e − 2
1.4e6
1.4e8
4.8e6
1.0e − 1
n = 102400, m = 510720, κ(A) = 6.1e4
8.1e − 13
1.4e6
3.4e10
8.7e6
1.1e − 1
3.7e − 13
1.3e6
1.7e10
1.2e7
8.1e − 2
6.8e − 12
5.8e6
5.7e8
1.9e7
3.9e − 1
n = 409600, m = 2045440, κ(A) = 2.4e5
2.2e − 10
5.7e6
3.5e11
3.5e7
7.3e − 1
3.7e − 13
5.3e6
2.2e11
4.8e7
3.0e − 1
6.9e − 12
2.3e7
2.4e9
7.5e7
1.5e0
n = 1638400, m = 8186880, κ(A) = 9.7e5
1.8e − 5
2.3e7
1.4e12
1.4e8
1.7e0
6.1e − 9
2.1e7
1.9e12
1.9e8
1.1e0
3.2e − 11
9.3e7
1.0e10
3.0e8
6.8e0
n = 6553600, m = 32757760, κ(A) = 3.9e6
> 1e − 4
> 1e − 5
1.2e − 11
3.7e8
4.2e10
1.2e9
2.2e1
r
8.0e − 13
4.5e − 13
4.7e − 12

Tslv
4.8e0
3.0e0
5.0e − 1

Tslv /it
4.0e − 3
7.3e − 3
1.7e − 2

6.4e1
4.0e1
2.2e0

1.6e − 2
2.8e − 2
7.3e − 2

6.5e2
5.3e2
9.6e0

6.5e − 2
1.2e − 1
3.0e − 1

2.7e3
4.7e3
4.0e1

2.7e − 1
4.7e − 1
1.2e0

> 1e4
> 1e4
1.7e2

4.9e0

TABLE I
P ETSC ’ S ICC AND MG PRECONDITIONERS VS. OUR C/P ETSC CMG PRECONDITIONER .

amount of setup overhead for the CMG is much greater than
the other preconditioners, but for larger problems in particular,
the work in the setup is well worth it for significantly fewer
iterations and much lower wall times. We do not report the
total time due to the fact that for all preconditioners, the setup
phase barely affects the overall time for solving the problem,
and in many cases they are nearly identical (especially for ICC
and MG). We also note that in the final test above, the ICC
and MG solvers took greater than 4 hours before only reaching
errors on the order of 10−5 , so we truncated the execution of
those tests. In Table II, we quickly indicate how many levels
resulted for the CMG setup phase, which clearly affects the
setup time and amount of time to solve per iteration.
|V | = n
25600
102400
409600
1638400
6553600

|E| = m
127360
510720
2045440
8186880
32757760

CM Glvls
3
4
5
6
7

TABLE II
N UMBER OF LEVELS IN THE GRID HIERARCHY FOR THE CMG
PRECONDITIONER CREATED DURING THE SETUP PHASE .

As a final example, we consider a problem from [42],
[43]. Specifically, matrix number “1403” with a given righthand side. This problem comes from an unstructured FEM
formulation of a steady state thermal problem. The undirected
graph visualization for this graph is shown in Figure 6 along
with its sparsity pattern.

Fig. 6. Left: For the unstructured FEM, steady state thermal problem, this
graphic visualization is provided by [42], [43]. Right: The sparsity pattern
for this system.

The problem and resulting matrix presented in Figures 6 has
n = 1228045 vertices in the resulting graph and m = 8580313
edges with a condition number of κ = 7.5×106 . Again, we run
this system through our PCG solver in Petsc with the various
preconditioners and present our results in Table III.

TABLE III
R ESULTS FOR THE THE UNSTRUCTURED FEM, STEADY STATE THERMAL PROBLEM IN F IGURE 6.

Styp
ICC
MG
CMG

n = 1228045, m = 8580313, κ(A) = 7.5e6
r
f lpsset
f lpsslv
f lpsslv /it
Tset
2.2e7
1.2e12
2.6e3
1.2e8
1.8e0
1.3e0
2.1e7
1.6e12
1.6e8
1.1e0
8.7e − 5
9.4e7
9.3e9
2.8e8
6.7e0

Nits
10000
10000
33

10

No Preconditioner
Incomplete Cholesky
Modified Incomplete Cholesky
Incomplete with Thresholding
CMG

log(iterations (max 1000))

Tslv /it
2.6e − 1
4.9e − 1
1.2e0

This system is ill-conditioned and the right-hand side is
intentionally poorly-designed for this problem; regardless, the
CMG terminates after very few iterations with an acceptable
level of relative error. If we force more iterations, we do
achieve a precision of 10−12 within 50 iterations. Even with
more iterations, it is clear that for this real-world problem, the
CMG outperforms standard preconditioners for such systems.
In fact, the ICC and MG preconditioners do not even come
close to converging to the desired tolerance after more than
1000 iterations.

log(k(A)) vs log(iteration count)

3

Tslv
2.6e3
4.9e3
4.1e1

2

IV. C ONCLUSIONS AND F UTURE W ORK
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Fig. 4. For each of the experiments, we plot the condition number against the
number of iterations. For small κ(A), various IC approaches are successful,
but as κ(A) grows, CMG outperforms all other approaches.

4

0

Sample Matrix M with m = 320 (n=102400, cond(M) = 6.07e4)

x 10

1

r = zeros(1,m);
r(1:2) = [2, -1];
T = toeplitz(r);
E = speye(m);
A = kron(T,E) +
kron(E,T);
p = symamd(A);
A = A(p,p);

2

3

4

5

6

7

8

9

We have extended the MATLAB implementation of [1] into
C and Petsc, successfully showing good results on large
systems that scale exceptionally in terms of the number of
iterations in the solver, and we are able to solve large systems
that standard preconditioners do not handle well.
In the future, we are planning to parallelize the tree structure
construction for the CMG solver during setup and accelerate
the internals of each iteration in the CMG using shared and
distributed memory optimizations. Further, while we have
incorporated the CMG into Petsc, we plan to build the parallelized solver into the Trilinos packages [44] for maximum
portability across DOE applications.
Additionally, we have implemented an optimized version of
the Approximate Inversion Chain (AIC) [12] spectral support
solver in Petsc, which we plan to compare against the CMG
solver in a future publication to further highlight the strengths
of spectral support and combinatorial solvers for the types of
linear systems often observed in the physical sciences.
Finally, since there is such a strong connection between
spectral graph theory and graph Laplacians, the types of
systems that are best suited for the CMG and spectral support
solvers are often seen in network sciences and graph analytics,
so we plan to utilize these solvers to explore applications
to the types of problems seen in these fields and study the
effectiveness of our implementations. We feel the computational savings we have observed will translate from algebraic
problems for linear solvers to graph problems due to the strong
link between graphs and matrices in SDD systems.
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